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1. (20pt) Consider a Cournot oligopoly model (i.e., quantity-setting competition)

with n > 1 firms. Assume for simplicity that the production cost for the firms

is normalized to zero.1 The inverse demand function is assumed to be P(Q) =

a − Q, where Q = ∑n
j=1 qj is the market production level.

(a) Derive a Nash equilibrium production level, corresponding market price,

and profits for the firms. You may assume that there is a symmetric equilib-

rium and then solve for the equilibrium production level.

Let us denote q−i = ∑j ̸=i qj. We first assume that a − Q > 0 at the equi-

librium and then confirm that the derived equilibrium indeed satisfies the

condition. The maximization problem for firm i is given by

max
qi

qi(a − qi − q−i)

Thus the best-response correspondence is given by

B(q−i) =
a − q−i

2

Assume that there is a symmetric equilibrium: q∗j = q∗ for all j. Then

q∗ =
a − (n − 1)q∗

2
1More precisely, we assume that the production cost is determined by the constant-returns-to-scale

cost function C(q) = cq for q ≥ 0 and we normalize the cost to get c = 0.
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=⇒ q∗ =
a

n + 1

The resulting market price is a − n · a
n+1 = a

n+1 (> 0). The equilibrium per-

firm profit is
( a

n+1

)2

(b) What happens to the market outcome if the number of the firms is large?

Show this by letting n → ∞. Interpret the result.

In the symmetric NE, the equilibrium per-firm output q∗ → 0 and the equi-

librium per-firm profit
( a

n+1

)2 → 0 as n → ∞. Intuitively, as the number

of firms becomes arbitrarily large, the Cournot competition approaches to

perfect competition.

2. (40pt) Consider yet another type of market competition: competition on location

choice. Assume that the market is expressed by the [0, 1] interval, on which con-

sumers are distributed uniformly with density 1. There are two stores i = 1, 2

competing in the market. In the competition, they simultaneously choose their

location x1 and x2, after which they serve the market. The price of the good is

already set and it cannot be controlled by the stores. The consumers visits the

store which is closer to their location. When the two stores are located at the

same point, then they simply split the market in half. The profit of each store is

the density of consumers it attracts.2 For example, if x1 = 1
2 and x2 = 1, then

consumers who are located at x ≤ 3
4

(
= x1+x2

2

)
are attracted to Store 1 and those

who are located at x ≥ 3
4 are attracted to Store 2. Thus the profits for Stores 1 and

2 are 3
4 and 1

4 , respectively. This type of location-choice model is called Hotelling

model. In this problem, you are asked to derive the pure-strategy Nash equilib-

rium.

(a) Formulate the game as a strategic-form game.

2Thus, when the two stores are located at the same point, then their profits are 1
2 .
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It can be written as the strategic-form game G = (I , (Si)i∈I , (ui)i∈I), where

I = {1, 2}

S1 = S2 = [0, 1]

ui(xi, xj) =



xi+xj
2 if xi < xj

1 − xi+xj
2 if xi > xj

1
2 if xi = xj

for j ̸= i.

(b) Note that in this symmetric game, we can assume that x1 ≤ x2 without loss

of generality. Show that a strategy profile (x1, x2) such that x1 < x2 does

not constitute a Nash equilibrium.

Note that when x1 < x2, Store 1’s payoff is x1+x2
2 . Since the payoff is in-

creasing in x1, Store 1 can improve its payoff by deviating to x′1 such that

x1 < x′1 < x2. Thus there is a profitable deviation and the original strategy

profile does not constitute a Nash equilibrium.

(c) Show that a strategy profile (x1, x2) such that 1
2 < x1 = x2 does not consti-

tute a Nash equilibrium.

Note that Store 1’s payoff is 1
2 . By deviating to x′1 such that 1

2 < x′1 < x2,

Store 1 can obtain payoff at least larger than 1
2 . Thus there is a profitable

deviation and the original strategy profile does not constitute a Nash equi-

librium.

(d) Show that the only pure-strategy Nash equilibrium is
(

1
2 , 1

2

)
.

Note that both stores’ payoffs are 1
2 . If a store, say Store 1, deviates to x′1 <

x2 = 1
2 , its payoff will become x′1+x2

2 . Then observe that

x′1 + x2

2
<

1
2 +

1
2

2

=
1
2

.
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Thus x′1 < 1
2 is not a profitable deviation. The same is true for the deviation

x′1 > 1
2 and for the other player. Since there is no profitable deviation, the

original strategy profile is a Nash equilibrium.

3. (10pt) Find ALL the Nash equilibria (pure and mixed) in the following strategic-

form game.

L R

T 3, 2 0, 0

B 0, 0 1, 3

There are obviously two pure NE: (T, L) and (B, R). For MSNE, let σ1 = (p, 1 −

p) and σ2 = (q, 1− q). Player 1 obtains payoff 3q when playing T and 1− q when

playing B. Thus the indifference condition is satisfied when 3q = 1− q =⇒ q =

1/4. Player 2 obtains payoff 2p when playing L and 3(1 − p) when playing R.

Thus the indifference condition is satisfied when 2p = 3(1− p) =⇒ 3/5. Hence

σ = (σ1, σ2) with σ1 =
(3

5 , 2
5

)
and σ2 =

(
1
4 , 3

4

)
is a MSNE.

4. (30pt) Read the following description of a strategic situation:

Firms 1 and 2 are deciding on the terms on collusion/cartel. First, firm 1, being

the leader, decides on which variable the two firms compete in the market, price

or quantity. After firm 1’s decision on the strategic variable is observed by the

firms, the two firms start market competition, in which firm 1 moves first and

then firm 2 follows suit.

If the competition is in terms of price, both firms choose between High or Low.

Because there is a possibility of secret price cutting (in negotiation with cus-

tomers, firms are able to secretly offer lower prices), the firms cannot observe

each other’s price decision, in particular, firm 2 does not know which of High or

Low firm 1 has chosen.

If the competition is in terms of quantity, both firms choose between Large or

Small quantities. In this case the market-clearing price is observed by the firms.
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Thus the firms know the choice of the other firm. In particular, firm 2 knows

which of Large or Small firm 1 has chosen.

(a) Represent the strategic situation by an extensive-form game (You may just

draw a game tree.). There are eight outcomes in the game. Denote each

outcome by a-h from left to right. Stick to the notation of the outcomes you

have chosen when solving the problems b)-c).

An example of game tree is

1

1 1

2 2 2

Price Quantity

High

High High

Low

Low Low

Large

Large Large

Small

Small Small

a b c d e f g h

(b) Write down the set of strategies for each player.

Note that both players have three information sets. Then

S1 = {xyz : x ∈ {p, q}, y ∈ {High, Low}, z ∈ {Large, Small}}

S2 = {xyz : x ∈ {High, Low}, y, z ∈ {Large, Small}}

(c) List all the strategy profiles that induce the outcome c.

For outcome c, any strategy profile of the form

(pLz1, Hy2z2),
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where z1 ∈ {High, Low}, y2, z2 ∈ {Large, Small}, induces it (there are eight

such profiles). For outcome f, any strategy profile of the form

(qy1L, x2Sz2),

where y1 ∈ {High, Low}, x2 ∈ {High, Low},z2 ∈ {Large, Small}, induces it

(there are eight such profiles).
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